Let K be a field of characteristic different from 2 and C an elliptic curve over K given by a Weierstrass equation. To divide an element of the group C by 2, one must solve a certain quartic equation. We characterise the quartics arising from this procedure and find how far the quartic determines the curve and the point. We find the quartics coming from 2-division of 2-and 3-torsion points, and generalise this correspondence to singular plane cubics. We use these results to study the question of which degree 4 maps of curves can be realised as duplication of a multisection on an elliptic surface.
Introduction
Let K be a field of characteristic different from 2 and C an elliptic curve over K. The multiplication-by-n map on C is a morphism of degree n 2 . If C is given by a Weierstrass equation then this map is given by so-called division polynomials as studied by Cassels [1] ; see also Lang [6] , Chap. 2, and Silverman [10] , Chap. 3.
The inverse procedure, n-division on C, involves solving an equation of degree n 2 which is a polynomial in these division polynomials (see Silverman [10] , exercise 3.7). In the present article, we study the case n = 2. We begin with a brief review of the group law on a plane cubic curve in Weierstrass form ( §2), and derive the quartic equation of a 2-division ( §3). In §4, we check which quartics arise from this procedure; precisely, we have: Let K be a field and C ⊂ P 2 K an irreducible cubic curve with at least one point. The open subset of smooth points of C forms an Abelian group C sm under an operation which we first describe geometrically. Fix a base point O ∈ C sm . For P 1 , P 2 ∈ C sm , let P 1 * P 2 be the third point of intersection of the line L joining P 1 and P 2 with C, or the tangent to C at P 1 if P 1 = P 2 . Denote OO the point O * O. Then P 1 + P 2 is defined to be (P 1 * P 2 ) * OO. It is well known that this defines a group structure on C sm with respect to which O is the identity. Now suppose that K is not of characteristic 2. Then C can be embedded in P 2 K as the zero locus of a Weierstrass equation
for some a, b, c ∈ K. We set O = (0 : 1 : 0). This is a flex, so OO = O and O is the single point of intersection of C with the line {Z = 0}. Then the group law is particularly straightforward: P 1 + P 2 is the reflection of P 1 * P 2 in the X axis and the inverse of (X : Y : Z) ∈ C sm is (X : −Y : Z).
To begin with, we restrict our attention to the affine subset C\{O} with coordinates x = X/Z and y = Y /Z. It will be convenient to write F (x) = x 3 + ax 2 + bx + c; then C is singular if and only if F has a multiple root. A singularity of C is either
• a node, if F (x) = (x − s) 2 (x − t) for some s, t ∈K, or
• a cusp, if F (x) = (x − s) 3 for some s ∈K.
In either case, the singular point is (s, 0). In the nodal case, possibly after taking a quadratic extension of the base field, C sm is the algebraic group G m associated to the multiplicative group K * and in the cuspidal case it is G a , that associated to the additive group K.
The quartic equation of a 2-division
The duplication map C sm → C sm is given by P → P + P = 2 C P . We write this map in coordinates on the complement of O in C sm (see for example Knapp [5] or Silverman [10] . Choose P = (x 1 , y 1 ) in this affine open subset and let L be the tangent to C at P . If y 1 = 0 then F (x 1 ) = y 2 1 = 0, so L is vertical and P is a point of order 2. Otherwise, L is given by the equation y = mx + d, where m = ∂F/∂x ∂F/∂y (P ) = 3x 2 1 + ax 1 + b 2y 1 and d = y 1 −mx 1 . We find the third point of L∩C. The x coordinates of L ∩ C are the solutions of the equation
Since this is monic, the sum of the roots is minus the coefficient of x 2 , that is, m 2 − a. Two of the roots are equal to x 1 , so
Since y 2 1 = x 3 1 + ax 2 1 + bx 1 + c, we have
Note that if C is a singular irreducible plane cubic then the map 2 C is also defined by (1) on the complement of the singular point.
We now show how 2-division of a point on the complement of O in C sm gives rise to a quartic equation. Let P 2 = (x 2 , y 2 ) be a point of C sm \{O} and P 1 = (x 1 , y 1 ) be a point whose double is P 2 (of course, we only know that P 1 belongs to C(K)). By (1), we have
Expanding this, we see that x 1 satisfies the quartic equation
We call this the quartic equation of the 2-division (C, P 2 ).
Remark: Since the inverse of (x 2 , y 2 ) in C sm is (x 2 , −y 2 ), the quartic equation of (C, −P 2 ) is the same as that of (C, P 2 ).
Next, although the quartic (3) arose from 2-division of a smooth point of C, nothing prevents us from substituting the data of a singular point on a nodal or cuspidal curve into (3) and obtaining a quartic over K. We will examine this and other special cases later.
The 2-division of a generic quartic
Now write Q K for the set of all monic quartics over K. This is isomorphic to A 4 K by
We want to determine which q ∈ Q K arise from 2-divisions. The coefficients of (3) are polynomials in x 2 , a, b and c. Given
we want to solve the system
for x 2 , a, b and c and construct a plane cubic curve C together with point(s) (x 2 , ±y 2 ) whose 2-division quartic(s) are q(x). Firstly,
Solving further, we find that
and
We define a(q) := 16d 0 − 4d
; the latter quantity has two interesting properties that we will presently see. When either e(q) is not zero or both a(q) and e(q) are zero, we can solve for a (in the latter case there are infinitely many solutions) and write down the curve C = {y 2 = x 3 + ax 2 + bx + c}.
In order that q(x) arise as the 2-division quartic of a point on C q (K), there is one further condition: there must be a K-rational point of C with x coordinate x 2 = −d 3 /4. This is equivalent to F (−d 3 /4) being a square in K. This brings us to the first interesting property of e(q): by (4), (5) and (6) we find that
which is none other than −e(q)/64. Thus it is necessary that −e(q) be a square in K. If −e(q) = α 2 for some nonzero α ∈ K then we get two points ±P 2 = (x 2 , ±α/8) whose 2-division quartics are q(x). If e(q) vanishes then the situation is more delicate. We will study this in more detail in the next section.
Summing up this section, we have: 2. This analysis could be done somewhat more easily with the assumption that F (x) have no quadratic term (this was the approach taken in [3] ) but this obscures certain points and also requires that char(K) be different from 3. Also, somewhat surprisingly, the calculations with the present approach are only slightly more complicated: there are many agreeable cancellations.
Special 2-division quartics
In this section we study some 2-division quartics with particular properties. We characterise quartics coming from 2-divisions of 2-torsion points, and see how the situation degenerates when the curve may be singular. The classification may be summed up as follows (compare with Silverman [10] , exercise 3.7):
Theorem 2 Let q be the 2-division quartic of a pair (C, P 2 ). Then we have the following classification:
• disc(q) = 0 if and only if C is smooth and P 2 is not 2-torsion.
• q(x) = (x − s) 2 (x − t) 2 for distinct s, t ∈ K if and only if P 2 is a 2-torsion point.
• q(x) = (x − s) 2 (x − t)(x − u) for distinct s, t, u ∈(K) if and only if C is nodal and P 2 is smooth and not 2-torsion.
• q(x) = (x − s) 3 (x − t) for distinct s, t ∈ K if and only if C is cuspidal and P 2 is a smooth point.
• q(x) = (x − s) 4 if and only if P 2 is a singularity of C.
Proof
We split this into several steps.
Step 1: Suppose C is smooth. Then we claim that either q has four distinct roots or q has two double roots, and that the latter happens if and only if P is a 2-torsion point. Suppose two roots of q coincide. Since C is smooth, there must be two distinct halves of P 2 with the same x coordinate. These must be of the form ±P 1 , so
whence P 2 is of order 2, and the other two halves of P 2 also have the same x coordinate, which is different from that of P 1 and −P 1 . Hence q has two double roots. Conversely, if P 2 is a 2-torsion point then by (8) its halves occur in pairs which have the same x coordinate. Since C is smooth, there are two such pairs, so q has two double roots.
Step 2: Suppose C is nodal (resp., cuspidal) with singular point
If C is nodal then C is given by y 2 = F (x) = (x − s) 2 (x − t) where t = s. We noticed earlier, using (2) , that the 2-division quartic of (C, P 2 ) is given by
Since
The cuspidal case is similar.
Step 3: Suppose C is nodal and that P 2 is not the singularity. Then the roots of q(x) which do in fact correspond to halves of P 2 in C sm are the roots of
These are distinct from s since the only point on C with x coordinate s is the node. Moreover, one sees as in Step 1 that they coincide if and only if P 2 is the 2-torsion point of C sm .
Step 4: Suppose C has a cusp at (s, 0) and P 2 is a smooth point.
Step 2 shows that q has a triple root s. The single half of
Conversely, if q(x) has a triple root and a simple root then C must be singular by Step 1, and it cannot be nodal by Step 3, so it is cuspidal.
Step 5: Lastly, we claim that q(x) = (x − s) 4 if and only if P 2 is the singular point (s, 0).
A tedious but straightforward computation shows that substitution of the data of a singular curve and the singular point (s, 0) into (3) yields the quartic (x−s) 4 . For the converse, we use a second interesting property of the function e(q), which originally came to light during experiments with Maple. For a quartic q(x) = (x−s)(x−t)(x−u)(x− v), a calculation shows that
From this it follows that e (x − s) 4 = 0. Therefore, for any a ∈ K, the singularity P 2 = (s, 0) of the plane cubic
has "2-division quartic" (x − s) 4 . We observe that P 2 is a cusp if 3s = a and a node otherwise.
The theorem follows.
We now give a result linking the two interesting properties of the function e(q):
Corollary 3 Let q(x) be a 2-division quartic which is not of the form (x − s) 4 . Then the following are equivalent:
(1) e(q) = 0.
(2) q is the 2-division quartic of a nontrivial 2-torsion point on a
plane cubic which may be singular.
(3) q has two double roots.
: Let (C, ±P 2 ) be a pair of 2-divisions giving rise to the quartic q, where ±P 2 = (x 2 , ±y 2 ). By (7), we have
so e(q) = 0 if and only if y 2 = 0, equivalently P 2 is a nontrivial 2-torsion point.
The equivalence (2) ⇔ (3) follows from Theorem 2.
Remarks on the function e 1. The expression (9) shows that e(q(x)) = e(q(x+α)) for all α ∈ K, so e is invariant under translation of the roots of q.
2. We notice from (9) that e(q) vanishes if and only if the sum of some pair of roots of q is equal to the sum of the other pair; for example, if q has two double roots, or if q(x) is of the form (x 2 − s 2 )(x 2 − t 2 ). Thus e has a "discriminant-like" property.
3. There are certain configurations of points of A 1 K which do not occur as x coordinates of the halves of a point on any elliptic curve in Weierstrass form. For example, the configuration ±s, ±t does not occur unless s = t = 0. Also, if C is nodal and P 2 is not of order two, then Corollary 3 shows that e(q) is not zero. In particular, we have 2s = t + u by (9) .
We discuss one other special type of 2-division quartic.
is a simple root of q.
Proof
Suppose P 2 is a 3-torsion point of C sm . This means that it is a smooth point of C which is a flex. By definition, P 2 * P 2 = P 2 and P 2 + P 2 = −P 2 (whence indeed 3P 2 = O). Thus one of the halves of P 2 in C sm is −P 2 , which has the same x coordinate x 2 as P 2 , so q(x 2 ) = 0. But by (4) we have x 2 = −d 3 /4. For the rest, we have:
• P 2 is not a 2-torsion point.
• −P 2 belongs to C sm , so is not a singularity of C.
is not a multiple root of q by Theorem 2.
Conversely, suppose that −d 3 /4 is a simple root of q. By Theorem 2, it does not correspond to a singularity of C. Therefore, since x 2 = −d 3 /4 by (4), some half P 1 of P 2 in C sm has the same x coordinate as P 2 . This shows that P 1 = ±P 2 , so 2 C P 1 = ±P 1 . Since P 1 belongs to the affine subset C\{O}, it is not the identity in C sm , so 2 C P 1 = P 1 . Therefore 2 C P 1 = −P 1 , so P 1 is a 3-torsion point. Thus 2 C P 1 = P 2 is also a 3-torsion point.
The point at infinity
In this section we extend the correspondence between quartics over K and 2-divisions on plane cubics to include pairs (C, P 2 ) where P 2 may be the point at infinity O. We begin by replacing Q K with the set Q K of nonzero homogeneous quartics over K with roots in P 1 , up to scalar multiple,
. We consider curves given by equations of the form
and write F ′ h (X : Z) := 3X 2 + 2aXZ + bZ 2 . Now one checks that the double of the point (X : Y : Z) is
where Y 2 is a function of (X 1 : Y 1 : Z 1 ). Thus one might like to say that the "homogenised 2-division quartic" of the pair (C, (X 2 : ±Y 2 : Z 2 )) is given by
but this does not make sense for the point O, so we need to modify our interpretation. Let P 2 = (x 2 : y 2 : 1) be a point of C\{O} and q(x) its 2-division quartic. We notice that the roots of q correspond to the x coordinates of the halves of P 2 under the projection π : C\{O} → A 1 ⊂ P 1 from O, given by (x : y : 1) → (x : 1).
The map π is a priori not defined at O, but since C is smooth at O and P 1 is smooth, it extends to a morphism C → P 1 , which we also denote π. Blowing up P 2 at O, one checks easily that π(O) = (1 : 0). Thus it makes sense to define the homogenised 2-division quartic of P 2 as the quartic with solutions in P 1 which are the images of the halves of P 2 by π. This quartic is given by
When Z 2 = 0 then Z is not zero in any solution of this equation, so we can divide by Z 2 Z 4 and we get the 2-division quartic given earlier (note that x = X/Z and x 2 = X 2 /Z 2 ). On the other hand, if P 2 = O then we obtain the quartic
whose solutions are (1 : 0) ∈ P 1 and, when C is smooth, the projections of the 2-torsion points of C, as they should be. We now say more about the singular case.
Homogenising earlier results
We would like to extend Theorem 2 to the completed picture. If d 4 is nonzero then we can reduce to the affine situation. Suppose, then, that
is a quartic not covered by this patch. Firstly, the situation described in Theorem 3 does not arise here, because (i) the point at infinity is not a nontrivial 2-torsion point, and (ii) if a quartic of the form (12) has two double roots then it is divisible by Z 2 , so d 3 = 0, but the coefficient of X 3 Z in the quartic (11) 
Proof
We have q(X : Z) = ZF h (X : Z), so the equation of C can simply be read off. The root (1 : 0) corresponds to the point at infinity. The other roots correspond to the intersection of C with the x axis; clearly, exactly two (resp., three) of them coincide if and only if the curve is nodal (resp., cuspidal).
Degree 4 coverings of curves
The preceding sections show that to almost any situation where a quartic equation arises, one can associate a point on an elliptic curve whose geometry reflects some aspects of the situation. An example of such a situation is a degree 4 covering of curves, which is equivalent to a certain quartic field extension. In this section we will use our constructions to study the the following question:
Let φ : X → Y be a degree 4 map of complex projective smooth connected curves. When can φ be realised as duplication of a multisection of an elliptic surface over Y ? Precisely, when does there exist an elliptic surface E → Y , a section σ : Y → E and a generically injective map τ : X → E such that the diagram
is commutative?
We begin by giving a little background on complex elliptic surfaces.
Elliptic surfaces
There are a number of different notions of "elliptic surface over Y " from which we could choose. We will begin with (i) smooth minimal elliptic surfaces: smooth surfaces fibred over Y , almost all of whose fibres are elliptic curves and such that no fibre contains curves of self-intersection −1, admitting a section not meeting any singular points of singular fibres
(ii) elliptic curves over the function field K(Y ), with a K(Y )-rational point
There is a bijection between (isomorphism classes of) the objects (i) and (ii). Later we will consider another model also.
Necessary conditions
Here we will suppose given a commutative diagram of the form (13), and deduce some facts about E, σ and φ : X → Y .
Proposition 5 Suppose we have a commutative diagram of the form (13). Then σ has no halves in the group of sections of E. In particular, it is not the zero section, and so E has a section distinct from the zero section.
Proof Suppose we have a section σ ′ of E satisfying 2 E (σ ′ ) = σ. Then by commutativity of (13), the image of τ would contain the copy σ ′ (Y ) of Y . Since τ is generically injective, this implies that τ (X) is not irreducible. But X is smooth and connected, hence irreducible, which is a contradiction. In particular, since the zero section σ 0 has a half in the group of sections of E, namely itself, σ cannot be equal to σ 0 . The proposition follows. Now the fibre of E over the generic point of Y is an elliptic curve E over the function field K(Y ), which has a rational point corresponding to σ 0 . Therefore we can suppose that E is a plane cubic in P 2
described by a Weierstrass equation
where a, b and c are rational functions on Y . By Proposition 5, the section σ defines another K(Y )-rational point (x 2 , y 2 ) satisfying the affine equation y 2 = x 3 + ax 2 + bx + c =: F (x).
We will work with the modelĒ of E given as the subset
This is likely to be singular, but will not be so along any horizontal curves. Therefore, resolving singularities and taking the relatively minimal model yields again the surface E. In particular, E and E are birational as elliptic surfaces over Y . This shows that K(Y )-rational points of E, sections of E and sections ofĒ are all equivalent objects.
Next for any P ∈ Y , we write
and F (P ) ′ (x) for its derivative with respect to x. With respect to the modelĒ, the map τ is given by the pair (τ 1 , φ) where τ 1 is a rational function X → P 2 . This τ 1 can be given generically on the complement of the Z axis by a pair of rational functions x 1 , y 1 ∈ K(X) satisfying
where this is defined. Furthermore, by commutativity of (13), the function x 1 is a root of the quartic equation
This is the image of the 2-division quartic of (E, σ) in
. It has at least one root x 1 in the quartic extension K(X)/φ * K(Y ).
Notation: For any s ∈ φ * K(Y ), we denote the minimal polynomial of s over φ * K(Y ) by m s .
Lemma 6 Suppose we have a diagram of the form (13). Then one of the following occurs:
• The section σ is not 2-torsion and, via φ * : K(Y ) ֒→ K(X), the 2-division quartic of the pair (E, σ) coincides with m x 1 .
• The section σ is 2-torsion. Then x 1 generates a quadratic extension of φ * K(Y ) and K(X) is a quadratic extension of φ * K(Y ) (x 1 ) generated by y 1 . In this case the 2-division quartic of (E, σ) coincides with the square of m x 1 .
Proof
Suppose σ is not a 2-torsion section. We show firstly that x 1 generates the extension K(X)/φ * K(Y ). Write K ′ for the subfield of K(X) generated by x 1 over φ * K(Y ). We have a sequence of field inclusions
which fix the constant field C. By Silverman [10] , Theorem II.2.4, there exists a smooth curve X ′ , unique up to isomorphism, with function field K ′ , and maps X → X ′ and X ′ → Y whose composition is equal to φ. Now we notice that
since both are the slope of the line in P 2
passing through (x 2 , −y 2 ) and tangent to E at (x 1 , y 1 ). Therefore,
Now we use the fact that σ is not 2-torsion. This implies that y 2 is not zero in K(Y ), so we obtain
Now y 2 and the coefficients of F all belong to φ * K(Y ), and x 1 belongs to K ′ . Therefore y 1 also belongs to K ′ . But this shows that the map τ factorises via X ′ . Since we supposed τ to be generically injective, we must have K ′ = K(X) and x 1 is indeed a primitive element for
Next, by Lang [7] , Proposition V.1.4, the degree of m x 1 is equal to [K(X) : φ * K(Y )] = 4. Therefore, since the 2-division quartic of (E, σ) is a monic quartic equation over φ * K(Y ) ∼ = K(Y ) which is satisfied by x 1 , it must be equal to m x 1 .
On the other hand, suppose σ is a 2-torsion section of E → Y . In particular, y 2 = 0. By Corollary 3, the 2-division quartic of (E, σ) is of the form (x − x 1 ) 2 (x − s) 2 for some s ∈ K(Y ). It is easy to check that in fact (x − x 1 )(x − s) has coefficients in K(Y ). Now we claim that neither x 1 nor s belongs to K(Y ). For, by (15) and since y 2 = 0, we have y
If x 1 or s were in K(Y ) then y 1 would belong to a quadratic extension of K(Y ), and as above τ : X → E would factorise via a double cover X → X ′ , contrary to hypothesis. Thus (x − x 1 )(x − s) is irreducible, whence it is clearly the minimal polynomial of x 1 over φ * K(Y ). Next, we notice that if F (x 1 ) were a square in φ * K(Y ) (x 1 ) then, by (17), both x 1 and y 1 would belong to a quadratic extension of φ * K(Y ) and again τ would factorise via a double cover X → X ′ . Hence F (x 1 ) is not a square in φ * K(Y ). This shows that y 1 is of degree 2 over φ * K(Y ) (x 1 ). Thus φ * K(Y )(x 1 , y 1 ) has degree 4 over φ * K(Y ). Since it is contained in K(X), they must be equal.
Remark: If σ is a 2-torsion section then the image of τ is (−1) Einvariant. Thus the involution (−1) E defines an involution of X over Y . In fact, on τ (X), this coincides with translation by the 2-torsion point σ. In §7.4, we will investigate further the relationship between 2-torsion sections of E and automorphisms of the covering φ : X → Y .
A sufficient condition
Let φ : X → Y be a degree 4 map of complex projective smooth connected curves. Here we show that the vanishing of e(m x 1 ) is a deciding factor in the question of whether a commutative diagram of form (13) exists. The issue of whether e(m x 1 ) is a square turns out to be less of an obstacle. 
Note:
The surface E will in general be far from unique, even if we require that it be smooth and minimal.
Proof Let s be a primitive element for K(X)/φ * K(Y ) such that e(m s ) is nonzero. If −e(m s ) = α 2 for some α ∈ φ * K(Y ) then we set x 1 := s and y 2 := α/8 (this involves a choice of sign) and, as in §4, from the coefficients of m s we build an irreducible plane cubic curve E over K(Y ) ∼ = φ * K(Y ) given by the equation y 2 = x 3 +ax 2 +bx+c =: F (x), together with a section σ := (x 2 , y 2 ) whose 2-division is represented by m s . Since φ is separable, the roots of m s are distinct so in fact E is smooth by Theorem 2. We consider the surfaceĒ as before. Since by (7) we have F (x 2 ) = −e(m s )/64 = 0, the function y 2 is nonzero. This fact implies that σ is not 2-torsion, and also allows us to construct y 1 as in (16). Then the point (x 1 , y 1 ), viewed as an element of
, satisfies the equation of E(φ * K(Y )). We define a map τ : X →Ē by Q → ((x 1 (Q) : y 1 (Q) : 1), φ(Q)) .
Although σ and τ are a priori only rational maps, they extend to morphisms since X and Y are smooth curves over C. For each Q ∈ X such that τ (Q) and σ(φ(Q)) belong to the complement of the identity in a smooth fibre ofĒ, we have
Thus 2Ē • τ = σ • φ on an open subset of X, hence on all of X. Resolving singularities ofĒ and taking the minimal smooth model E, we obtain the diagram (13) as required.
On the other hand, suppose −e(m s ) is not a square in K(Y ). Write ε := e(m s ) for brevity and let t, u and v be the other roots of m s . Then one easily checks that the monic quartic
is irreducible over K(Y ). Hence it is the minimal polynomial of εs. Moreover, by (9) we have e(m εs ) = −(εs + εt − εu − εv)(εs − εt + εu − εv)(εs − εt − εu + εv)
which is a square in φ * K(Y ). But since ε ∈ φ * K(Y ), the product εs is still a primitive element for the extension K(X)/φ * K(Y ). We set x 1 := εs, and from m εs we can construct the elliptic surface over Y and the maps σ and τ as above.
Galois degree 4 covers
We now say more about the case when φ is a Galois cover. Write Aut(φ) for the group of automorphisms α of X such that φ • α = φ. 
Proof
This proof is straightforward but rather long. We relegate it to the appendix, so as not to interrupt the story.
Since a primitive element s exists with the required property, we can construct the surface E and the maps σ and τ by Theorem 7. Now for the second statement. We observe that since φ is a Galois cover, K(X)/φ * K(Y ) is a Galois extension. In particular, m x 1 splits, and there exist four distinct maps τ : X → E making (13) commute. We regard these as points on the elliptic curve E(K(X)) ⊃
The difference of any pair of these points is a nontrivial 2-torsion point on E defined over the field extension K(X)/φ * K(Y ); in fact, all 2-torsion points of E are defined over this extension. Such a point has coordinates (t 1 , 0) for some t 1 ∈ K(X). But F (t 1 ) = 0, so m t 1 divides F . Now m t 1 has degree dividing 4 since t 1 generates a subfield of the degree 4 extension K(X)/φ * K(Y ). If m t 1 has degree 1 then t 1 belongs to φ * K(Y ) and (t 1 , 0) is defined over φ * K(Y ). On the other hand, if m t 1 has degree 2 then F (x) = (x − z)m t 1 for some z ∈ φ * K(Y ), so we obtain the 2-torsion point (z, 0) defined over φ * K(Y ).
Since the image τ (X) is invariant under translation by 2-torsion sections in E (corresponding to points of order 2 in E(φ * K(Y )), any such translation defines an element of Aut(φ). This gives a homomorphism E(φ * K(Y ))[2] → Aut(φ) which is clearly injective. Hence if φ is a Galois Z 4 cover then the only possibility for E(φ * K(Y )) [2] is Z 2 .
Question: Can it happen that φ is a Galois Z 2 × Z 2 cover but E(K(Y )) has only one 2-torsion point?
Some statistics
In this short section we notice that in our choice of coordinates, certain statistical quantities naturally occur in connection with the duplication map. Let C be a smooth irreducible plane cubic given by the Weierstrass equation y 2 = x 3 + ax 2 + bx + c on the complement of O, and let P 2 = (x 2 , y 2 ) be a point of C\{O}. Write q(x) for its 2-division quartic
for the halves of P 2 in C(K) (where i = 1, 2, 3, 4) and denote m (i) the slope of the tangent line to C at x
Firstly, since the coefficient of x 3 in q(x) is minus the sum of the roots, x 2 is the average of the x (i)
1 . Next, taking the average of the equations
we find that y 2 = y 1 + m · x 1 − mx 1 . But one knows that m · x 1 − mx 1 is the covariance of the variables x 1 and m, so we have the following pleasant interpretation of the duplication map:
It would be interesting to investigate whether similar identities hold for the multiplication-by-n maps on C for higher values of n.
A Primitive elements for degree 4 Galois extensions
Here we give the proof of Proposition 9. is a monic quartic over L which is invariant under Gal(L/K), so in fact belongs to K[x] ⊂ L[x]. It is clearly irreducible over K if s is primitive, so in this case is the minimal polynomial of s over K.
Firstly, suppose Gal(L/K) = Z 2 × Z 2 . Then there exist elements α, β ∈ L satisfying α 2 ∈ K and β 2 ∈ K and such that L = K(α, β). Then {1, α, β, αβ} is a basis for L as a vector space over K. The Galois group of L/K is given with respect to this basis by the matrices {Id, diag (1, −1, 1, −1), diag(1, 1, −1, −1), diag(1, −1, −1, 1 On the other hand, suppose Gal(L/K) = Z 4 . Then by Lang [7] , Theorem VI.6.2 (i), there is a primitive element α for L/K which satisfies an equation of the form x 4 − k = 0 for some k ∈ K. Then {1, α, α 2 , α 3 } is a basis for L as a vector space over K. Write i := √ −1. The Galois group is generated by the map defined on basis elements by α j → α j i j . The group is given with respect to this basis as {Id, diag(1, i, −1, −i), diag(1, −1, 1, −1), diag(1, −i, −1, i)} .
As before, we represent the element s = a + bα + cα 2 + dα 3 by the 4-tuple (a, b, c, d) . By (9) that is, 32ck(b 2 + kd 2 ). Let l ∈ K be any nonzero element such that l 2 = −k. Then the element s 0 := 1 + lα + α 2 + α 3 does not belong to the one intermediate field of L/K, so is a primitive element for L/K with e(m s 0 ) = 32k(l 2 + k) = 0. This completes the proof of the proposition.
